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Eigenvalues of group elements

Let GG be a finite group and F' be an algebraically closed field of
characteristic [.

For any element g € G and any irreducible representation (p, V') of
G over F, let deg(p(g)) be the degree of the minimal polynomial

of p(g).
Let o(g) be the order of g in G/Z(G), where Z(G) is the center.

Since p(g)°9 is a scalar matrix, we have deg(p(g)) < o(g).

If the order |g| of g is coprime to [, then p(g) is diagonalizable and
deg(p(g)) is equal to the number of distinct eigenvalues of p(g).

If g is an [-element, then deg(p(g)) is equal to the size of the
largest Jordan block of p(g).



The Classical Problem

The study of eigenvalues has a long history.

e Hall-Higman (1956): [-elements in [-solvable groups in

characteristic .

e Wales (1979): 3-cycles in irreducible spin representations of
Sh.

e Thompson (2008): p-cycles in A, with [ < p < 21.

o Tiep—Zalesskii (2022): p-power elements in Quasi simple
classical groups with (p,l) = 1.



Tiep—Zalesskii Problem

Let (p, V) be an irreducible representation of G and o(g) denote
the order of g in G/Z(G).

Problem (Tiep—Zalesskii)

Classify pairs (p, g) such that the minimal polynomial of p(g) is

of degree less than o(g). In the first instance, under the condition

that o(g) is a prime power.

The problem should be given priority for groups that are close to
being simple, such as almost simple groups, quasi-simple groups,

etc.

Knowing the information about the eigenvalues of elements in
representations has many applications in arithmetic geometry,

number theory, and group theory, etc. For more details, see the

survey articles [5, 6] by Zalesskii. 3



Double cover of symmetric groups

The double cover of the symmetric group .5, is a central extension
of S, by Z/27Z:

1 Z/2Z -GS S, — 1.

One of the solutions is as follows:

S = (1,1, ot | (12 =1, 12 = —1,
(titir1)® = —1,
(titj)Q = —1 for "L —j’ > 1>.



Irreducible spin representations

Here we recall the notation:

DP, = {AEn| X > A1 for all i},
DP," = {\ € DP,, | n —I(}) is even},
DP, = DP, \ DP;,

On, ={AFn| X\ is odd for all i}.

Irr(Sn) = Irr(Sp) U {(¢2,Va) | A € DP
U {(eX, Vi), (65, Vi) [ A €DP}



Results for the Symmetric group

Recall that Irr(Sy,) = {(xx, Va) | A n}, CI(Sp) = {Cy | p+ n}.

Table 1: Summary of Permutations and Eigenvalues by Author

Authors Permutations Eigenvalues
Klyachko (1974) (n) G
Swanson (2018) (n) all
Yang—Staroletov (2021) (a?) all
Amrutha-Amri-V.S (2023) all 1
V.S (2024) wi | all

Staroletov (2025) all all




Main theorem

Theorem (A. Prasad, A. Staroletov, V. S) (202(5+6))

Let (px, Vi) be an irreducible spin representation of S, indexed
by A € DP,,. Let g € S, has cycle type «, and set k = lem(c).
Let £ € {£1} be such that g¥ = ¢ and n > 8.

k

Then the minimal polynomial of p(g) is " — £, except in the

following four cases.

1. A= (n), a contains 3, all other parts of « are not divisible by
3, and 5 is not the unique part divisible by 5. In this case, the

k
minimal polynomial is WEE

2. XA = (n), o contains 5, all other parts of « are not divisible by
5, and 3 is not the unique part divisible by 3. In this case, the

ok
minimal polynomial is —==

—e’



Main theorem (contd.)

3. XA = (n), « contains both 3 and 5, while all other parts of «

are not divisible by 3 or 5. In this case, the minimal
(zF—e)(a*/15—¢)
(xk/3—)(ak/5—e)"

4. A= (n—1,1), a contains both 3 and 5, while all other parts

of « are not divisible by 3 or 5. In this case, the minimal
CCk—E
Bz °

polynomial is

polynomial is



The Analogs: Classical vs

Symmetric Group Double Cover
Young diagrams — Shifted Young diagrams
| — |
Alphabet Alphabet
—
{I<2<---<n} {I'<1<2<2<---<n <n}

i . Rows and Columns weakly
Rows increasing, Columns ) ] )
) ; i — increasing, with repeated entry
strictly increasing o
restrictions



The Analogs: Classical vs. Spin ii

Symmetric Group Double Cover
Young tableaux — Shifted Young tableaux
1[1]3]4] PR HRNE
2134 2'1213
[4] 3]
Murnaghan—Nakayama rule <+— Morris’ recursion formula
—1)P M if Ay < 1 —1)PMifL(N) < 2,
aw) = {( ) 2L oo {( ) OV
0 else. 0 else.

Littlewood—Richardson rule +—  Spin Littlewood—Richardson rule
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Preliminary results

Let o, = tito.. . ty—1.

Lemma

n ifn=0,6,7,8 (mod 8),
2n  ifn=2,3,4,5 (mod 8).

Order of oy, is equal to

The following lower bound has been established by various authors.

Lemma (Lower bound)

Let n > 4. Then every irreducible spin representation has
dimension at least of dimension of basic spin representation,
which is 2L(n=1)/2]



Preliminary results (p-cycles)

Theorem

Let p > 3 be a prime. Then the minimal polynomial of o}, in an
irreducible spin representation of Sp is P £ 1 except when
p=3,05.

Proof.

Let g be a p-cycle in Sp of order p and ¢ be an irreducible spin
representation of Sp. Then g is conjugate to g’ for every
i=1,2,...,p—1and ¢(g) € {0,£1} by Morris’ recursion.

For a linear character ¢ of (g), we have

3 2)5... i
(1, Res? ) = HAHSOE+(P)-by(e" 1)

> d=-l) 5 200PG-D) 5 g forp 7.

LI 12



The n-cycle case

Theorem (A. Prasad, A. Staroletov, V. S)

The minimal polynomial P(z) of oy, is ™ 1 in every irreducible

spin representation (p, V') except when

1. p=p@ and P(z) =2* —z +1

2. p= pé,l) and P(z) =z +1

3. p:pa) and P(z) =22 F2x +1

4. p=pe) and P(x) fill.

5. p:pz—;) and P(z) = z* £ /32% — 222 + V32 + 1.
6. p= pz—;) and P(z) = (gf:i_ll)

Moreover, for n > 19, each eigenvalue of p(o,,) has multiplicity
at least n.



Spin LR-rule

For a strict partition A, define

V2, if Xis odd,

1, if A is even.

C)\ =

Define fli‘,/ to be the number of shifted tableaux of shape A/ and
content v such that the word of 7" is a 'lattice permutation’.

Let i € DPy, v € DP,,_y, and A € DP,,. Let ¢, X. ¢, be a
reduced Clifford product of ¢,, and ¢,,. Then

1

C\Cuuv

(B Xc by, d2) = AARRRA A (1)

unless X\ is odd and A = pUwv. In that case, the multiplicity of
qﬁf is 0 or 1 according to choice of associates. 1



Further questions

e Modular case: Generalize the main theorem to the modular
case.

e Combinatorial Description: Is there an analog of the notion
major index which can be used to give a combinatorial
description of the eigenvalues of elements in irreducible spin

representations of n-cycles?

Thank You!

Questions?

ii5)
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